We demonstrate the existence of P − V criticality of the topological Hořava-Lifshitz(HL) black holes with a spherical horizon (k = 1) in the extended phase space. With the electric charge, we find that the critical behaviors of the HL black hole are nearly the same as those of van der Waals(VdW) system. For the uncharged case, the HL black hole has a peculiar P − V criticality. The critical behavior is completely controlled by a parameter , but not the temperature T . When is larger than a critical value c , no matter what the temperature is, there will be the first-order phase transition. Moreover, we find that there is an infinite number of critical points which form a " critical curve ". As far as we know, this is the first time to find this kind of peculiar P − V criticality.
Introduction
Since the works of Hawking and Bekenstein [1, 2] , thermodynamic properties of gravitational systems, especially black holes, have been extensively studied. Until now, there have been many approaches to calculating the temperature and entropy of black holes. Besides, the phase structure and critical phenomena of black holes have also been studied for quite a long time [3] [4] [5] [6] [7] [8] [9] . Since the pioneering work of Hawking and Page [10] and the popularity of AdS/CFT correspondence, phase transitions of black holes in AdS space have aroused much interest [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
Recently, physicists reconsidered the critical behaviors of black holes in extended phase space, where the cosmological constant is treated as the thermodynamic pressure and its conjugate quantity as the thermodynamic volume of the black holes. It is shown that the P − V criticality of some black holes in this extended phase space are very similar to those of a van der Waals (VdW) liquid/gas system [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Further, in this extended phase space other interesting critical behaviors such as reentrant phase transition, triple critical point, isolated critical point for several black holes have been explored [39] [40] [41] [42] . Thus, we want to know whether there are still other peculiar critical phenomena in the extended phase space. This is the first motivation of the present work.
Hořava-Lifshitz (HL) gravity, which was proposed by Hořava, is a power-counting renormalizable gravity theory and can be regarded as an ultraviolet complete candidate for general relativity [43] .
The HL gravity is constructed under two conditions: projectability and detailed balance. The breaking of projectability can simplify the theory. One has more freedom to construct the invariants under foliation of spacetime-preserving diffeomorphism. With the detailed balance, it is shown that the HL gravity has some problems, such as parity violating, ultraviolet instability and strong coupling problem [44] [45] [46] [47] . Therefore, it is also reasonable to abandon the detailed balance. Relaxing the projectability condition and deviating from detailed balance, some spherically symmetric black hole solutions has been derived in [48, 49] . The thermodynamic quantities of some HL black holes are calculated in [50] [51] [52] [53] . In [54] the authors studied the phase transition of a charged topological HL black hole with general dynamical parameter λ and the phase transition of a Kehagias-Sfetsos black hole. In [55] , the phase transition and scaling behavior of charged HL black holes with λ = 1 were studied. Through thermodynamic metrics, in [56] the authors analyzed a unified phase transition of the charged topological HL black hole in the case of λ = 1. And the same author concluded that no P − V criticality exists in a topological charged HL black hole [57] . In the framework of horizon thermodynamics proposed by Padmanabhan [58] , we also studied the HL black hole and found a universal phase structure and the P − V criticality [59] .
In this paper, we would study the P −V criticality of topological HL black holes in the extended phase space under the more general consideration of nonzero (violation of the detailed-balance condition). We want to clarify the influence of the parameter on the thermodynamic properties and critical behaviors of the HL black holes. This is the second motivation of the present work.
In the uncharged case, we find a peculiar P − V criticality, for which there is an infinite number of critical points, in fact, a "critical curve". For the charged HL black hole, there is the usual P − V criticality similar to that of a VdW system. The parameter plays an important role in the generation of these critical phenomena.
The plan of this paper is as follows: In Sec.2 we introduce the HL black hole and the thermodynamic quantities. We also present the necessary demonstrations on some notations. In Sec.3 we analyze the conditions under which the temperature and the entropy of the HL black hole are positive. In Sec.4 we study the P − V /r + criticality of the HL black hole in the uncharged and charged case, respectively. In Sec.5 we summarize our results and discuss the possible future directions.
Thermodynamic quantities of Hořava-Lifshitz black hole
In this section, we simply introduce the Hořava-Lifshitz black hole and its thermodynamic quantities studied in [48, 49] . The action of HL gravity without the detailed-balance condition is
where
2 R ij with C ij the Cotton tensor. In this theory, there are several parameters: , κ 2 , λ, µ, ω and Λ. L m stands for the Lagrangian of other matter fields.
Compared with general relativity, there will be the relations for the parameters:
where G, c andΛ are Newton's constant, the speed of light, and the cosmological constant respectively. In the following work, we will take the natural units: G = c = = k B = 1, so κ 2 = 32π and
Because only for the case with λ = 1, general relativity can be recovered in the large distance approximation, we only consider λ = 1 in the following. In this case, from Eq.(2.2), one can see that Λ must be negative.
= 0 corresponds to the so-called detailed-balance condition, under which HL gravity turns out to be intimately related to topological gravity in three dimensions and the geometry of the Cotton tensor. For the case with = 1, HL gravity returns back to general relativity and the HL black hole becomes a Schwarzschild-(A)dS black hole. Therefore, we will consider the general values of in the region 0 ≤ 2 ≤ 1 below.
For a static, spherically symmetric black hole, the metric ansatz can be written as
where dΩ 2 k denotes the line element for a two-dimensional Einstein space with constant scalar curvature 2k. Without loss of generality, one can take k = 1 (spherical/elliptic horizons), k = 0 (flat horizons), and k = −1 (hyperbolic horizons).
When a Maxwell field exists, it is shown that the metric functionÑ (r) = 1 and f (r) is given by [49] 
where x = √ −Λr and m and q are integration constants. They are related to the black hole mass and electric charge:
where we have taken the natural units and set Ω k = 16π. The event horizon is defined through f (x + ) = 0, where x + denotes the largest root of f (x) and its complete expression is given in the Appendix.
If we consider the cosmological constantΛ as a variable and identify it with pressure P = −Λ 8π , then according to Eq.(2.2), there is Λ = − 6) where r + is the position of the event horizon of the HL black hole.
According to the metric function, one can easily derive the temperature:
The entropy of the charged topological HL black hole is
Clearly, it is independent of the electric charge Q. The integration constant S 0 in the entropy cannot be fixed by some physical considerations. To determine S 0 , one has to invoke the quantum theory of gravity as argued in [49] . For k = 0 case, the area law of the black hole entropy is recovered if setting S 0 = 0. Thus, for simplicity, we always set S 0 = 0 below (including the cases of k = ±1).
Other thermodynamic quantities can also be derived from the extended first law of black hole thermodynamics:
Here we do not consider the parameter as a thermodynamic variable. In the extended phase space, the black hole mass now should be considered as the enthalpy, M = H. Due to the existence of the logarithmic term in the entropy, no Smarr-like relation for the HL black hole exists.
In this paper we are only concerned with the fixed charge ensemble. Thus, the Gibbs free energy is now defined by
by which we can analyze the global thermodynamic stability and phase transition of the HL black hole.
Positivity of entropy and temperature of Hořava-Lifshitz black holes
In this section, we will analyze the conditions under which the entropy and the temperature of the topological HL black holes are positive. The pressure P is clearly positive according to the definition. According to Eq.(2.8), the entropy is a function of (P, , r + ), and is independent of the electrical charge Q. After setting S 0 = 0, the entropy is not always positive except for the case k = 0. To determine the positivity of S, we fix the pressure and analyze the relations between and r + . In Fig.1 , we show the relations between 2 and r + for the positive entropy. We only pay attention to the case with 0 ≤ 2 ≤ 1. For k = 1, it is shown that the scope of r + becomes larger and larger as 2 increases, and r + cannot reach to zero until 2 = 1. For k = −1, we find that the entropy is always positive so long as belongs to the region 0 ≤ 2 ≤ 1. 2 and r + for the positive temperature. In the shaded area, the temperature is positive. We set P = 0.1.
P − V criticality of Hořava-Lifshitz black hole
According to Eq.(2.7), one can derive the pressure as a function of (T, r + ):
After a series expansion, it has the form
By comparing the above equation with the van der Waals equation, one can easily find the specific volume v ∝ r + . So we would not introduce the specific volume, but directly study the P − r + behavior.
If the HL black hole has the similar P − V criticality to that of a VdW system, the critical points should satisfy the following equations:
It is shown that the two equations are too complicated to be directly solved. However, we can employ the implicit differentiation on Eq.(2.7) to obtain
with A(r + , T, P ) = 8πr + 32πr
and
Requiring both P (r + ) = P (r + ) = 0, we can obtain
Substituting them into Eq.(2.7), we can obtain the interesting relations:
(4.8)
Q = 0 case
When Q = 0, the equation of state reduces to It can be easily checked that the equation with minus sign "-" has no real roots for . And the equation with plus sign "+" has the real roots:
According to Eq.(4.7), one can obtain
For any value of r + , there is the universal relation: Therefore, in this case it is not a critical point, but a "critical curve". As is shown in Fig.3 , any point in this curve is the critical point. This critical behavior is not analogous to those of a VdW system or RN-AdS black hole or other black holes in AdS space, for which there is only one critical point.
The corresponding P − r + diagrams are depicted in Fig.4 . The left plot of Fig.4 shows that the P − r + curves are exactly the same as the P − v curves of a VdW liquid/gas system. However In the left plot of Fig.4 , one can notice another interesting behavior. When P > P c , the constant pressure line can intersect with the curves at three points, and when P < P c , the constant pressure line can intersect with these curves at five points. These points represent degenerate thermodynamic states with the same pressure and temperature. To ascertain which one of them is thermodynamically preferred, we need to calculate the Gibbs free energy. According to Fig.5 , when > c , the G − T diagrams exhibit "swallow tail" behavior, which is a typical feature of the first-order phase transition. We also find that at lower temperatures the HL black hole with a larger value of is more thermodynamically stable and at higher temperatures the HL black hole with a smaller value of is more thermodynamically stable. Considering the T − r + relations in Fig.6 , it means that at a low temperature the smaller HL black hole is more thermodynamically stable and at a high temperature the larger HL black hole is more thermodynamically preferred. Figure 6 . The T − r + diagram of a topological HL black hole for k = 1. We set P = 0.1.
We find that the equation with "+" sign has no real roots and the equation with "-" sign has the same real roots as those in Eq.(4.15). However, in this case the critical pressure and the critical temperature are both negative,
In other words, there do not exist P − V criticality and phase transition in this case. Table 1 . For k = ±1, under these conditions there exist critical points.
According to Eq.(4.8), there should be the following requirement on :
And the existence of real roots requires 2 ≥ 8/9 or = 0. For k = 0, the above inequality is clearly violated. Thus, no critical point exists in this case.
For k = ±1, the constraints on are given in Table. 1. According to Eq.(4.7), one can easily check that for k = −1 the critical temperature and the critical pressure are negative when is in the regions in Table. 1. Therefore, in this case there is also no physically acceptable critical behavior.
Below we only focus on the k = 1 case. For = 0, Eq.(4.8) has the solution r + = 3 8 Q (we always consider positive electric charges.). However, the corresponding critical pressure and critical temperature are both negative. Therefore, this case should be dropped. Thus, the solely feasible choice is 2 > 4 27 3 + 2 √ 3 ≈ 0.958. For the special value = 1, the HL gravity will return back to the GR. Correspondingly, the HL black hole is reduced to the RN-AdS black hole. Therefore, in this case it certainly has P − V criticality.
When situates in the interval 0.958 < 2 < 1, we can derive the critical point:
The universal ratio We can also calculate the critical exponents of the charged HL black hole. Introducing the following dimensionless quantities: 
where A, B and C are all functions of . Eq.(4.23) has the same form as that for the van der Waals system and the RN-AdS black hole [29] . Therefore, for this system the critical exponents should also be β = 1/2, γ = 1 and δ = 3. In addition, because C V = 0, we also have the critical exponent α = 0. Obviously, they obey the scaling symmetry like the ordinary thermodynamic systems.
Conclusion and Discussion
We considered the HL gravity model with a nonzero . When the parameter 2 increases from zero to one, the gravitational theory under consideration changes from the usual HL gravity to general relativity. Restricting 0 ≤ 2 ≤ 1, we studied the P − V criticality of topological HL black hole in the extended phase space. We found that the HL black holes with the flat horizon (k = 0) and the hyperbolic horizon (k = −1) have no P − V criticality and phase transition. For the HL black hole with the spherical horizon (k = 1), with or without the electric charge, the P − V criticality can appear. In the charged case, the HL black hole exhibits the similar critical behaviors and phase transition to that of a VdW liquid/gas system or RN-AdS black hole.
What is even more interesting is the uncharged HL black hole. In this case, we found some peculiar critical phenomena. First, there is an infinite number of critical points. The critical temperature T c and the critical pressure P c both depend on r + , while r + is free and is subjected to no constraint. Any value of r + corresponds to the critical position r c . So, we have a "critical curve", but not only a critical point. Second, for the uncharged HL black hole it is the parameter that controls the P − V criticality. This is very different from the P − V criticality in the VdW liquid/gas system, where the temperature controls the critical behavior. We found that there is a critical = c , above which the smaller/larger black hole phase transition occurs. Especially, the P − V criticality is completely determined by the parameter . By that we mean that only if = c , any temperature is the critical temperature.
We studied the HL black hole with λ = 1. It is of great interest to extend our current study to a slightly more general λ. Another interesting future study would be to consider the phase transition and thermodynamic stability of the HL black holes in the non-extended phase space. It is also interesting to consider whether the peculiar P − V criticality we found also exists in other black holes or thermodynamic systems.
Note added: After this work was published in PRD, the authors learned that the phenomena of critical curve have been found lately [60] [61] [62] . So this peculiar P − V criticality is of course not found by us for the first time. However, in our work there are some features that different from previous works. Our finding occurs for the black hole with spherical horizons in four-dimensional spacetime and the Lagrangian contains only quadratic powers of the curvature.
A The expression for the event horizon x + 
